A new theoretical framework for the formulation of general, nonlinear, multiscale plate theories  by Williams, Todd O.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 45 (2008) 2534–2560
www.elsevier.com/locate/ijsolstrA new theoretical framework for the formulation
of general, nonlinear, multiscale plate theories
Todd O. Williams *
Theoretical Division, T-3 Los Alamos National Laboratory Los Alamos, NM 87545, USA
Received 9 August 2007; received in revised form 4 December 2007
Available online 23 December 2007Abstract
A new type of general, theoretical framework for the development of comprehensive, nonlinear, multiscale plate
theories for laminated structures is presented. The theoretical framework utilizes a generalized two scale description
of the displacement ﬁeld based on a superposition of global and local eﬀects where the functional forms for the
global and local displacement ﬁelds are arbitrary. The two scale nature of theory allows it to explicitly consider
the layered nature of the structure. The subsequent development of the governing equations for the theory is carried
out using the general nonlinear equations of continuum mechanics referenced to the initial conﬁguration. The equa-
tions of motion and the lateral surface boundary conditions for the theory are derived using the method of moments
over the diﬀerent scales subject to an orthogonality constraint. The theory satisﬁes the interfacial constraints and the
top and bottom surface boundary conditions in a strong sense. Delamination eﬀects are incorporated into the theory
through the use of cohesive zone models (CZMs). Arbitrary CZMs can be incorporated into the theory without the
need for reformulation of the governing equations. The theory is formulated in a suﬃciently general fashion that
any type of history-dependent material can be used to describe the inelastic response of the materials composing
the layers. Furthermore, as a result of the multiscale nature of the theory it can be specialized to single scale the-
ories of the equivalent single layer (ESL) or discrete layer (DL) types in a uniﬁed fashion and without the need for
any reformulation.
While the starting point for the proposed theory is the same as used by Williams [Williams, T.O., 1999. A general-
ized multilength scale nonlinear composite plate theory with delamination. Int. J. Solid Struct. 36, (20) 3015–3050;
Williams, T.O., 2001. Eﬃciency and accuracy considerations in a uniﬁed plate theory with delaminations. Comp.
Struct. 52, (1) 27–40; Williams, T.O., 2005. A generalized, multilength scale framework for thermo-diﬀusionally-
mechanically coupled, nonlinear, laminated plate theories with delaminations. IJSS 42, (5–6) 1465–1490] the subse-
quent formulation is signiﬁcantly diﬀerent. The diﬀerences in the two theories allow the currently proposed theory
to improve on the capabilities of the previous theory; particularly in the satisfaction of the traction continuity con-
straints at the interfaces.
It is shown that the theory is capable of providing accurate predictions for all of the ﬁelds in perfectly bonded and delami-
nated plates even for relatively low orders of displacement approximations. In particular, the theory is shown to provide accu-
rate predictions for the transverse stresses that are continuous across the interfaces directly from the constitutive relations.
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1. Introduction
Advanced structural applications are requiring ever more enhanced performance characteristics of both the
component materials in a structure and the structure itself. In particular, these performance requirements are
resulting in the materials and the structures being required to operate in response domains dominated by his-
tory-dependent phenomena. Examples of such history-dependent phenomena are time-dependent material
behavior and local cracking.
In order to meet these demands, structural designers are turning increasingly to the use of laminated struc-
tures. To correctly model the response of such structures it is essential that a given structure theory be able to
simultaneously analyze the responses at three distinct length scales; the micro- (material), the meso- (lamina),
and macro- (laminate) scales. The ability to accurately model the behavior at each of these length scales
imposes certain requirements on a structural theory. Two such considerations, which dominate many aspects
of the development of appropriate structure theories, is that a theory must be able to incorporate any type of
material constitutive theory, i.e. it must not be limited to elastic behavior or any particular history-dependent
constitutive theory, and the theory must consider the layered nature of the structure explicitly. Furthermore,
since history-dependent phenomena evolve in a nonlinear fashion, a given structural theory must be able to
predict the behavior at each of these scales with a high degree of ﬁdelity in order to correctly predict the non-
linear evolution of such phenomena. A discussion of how the behavior at these diﬀerent length scales inﬂu-
ences the local and overall behavior of the plate has been given by Williams (1999).
Higher order, two-dimensional (2D) plate/shell theories represent a natural choice for the analysis of
advanced laminated structures. A number of diﬀerent types of such theories exist. The simplest types are
the so-called ‘‘smeared” or ‘‘equivalent single layer” (ESL) plate theories (Whitney, 1987; Reddy, 1997).
Due to their use of global representations of the displacement ﬁelds these types theories are not capable of
providing accurate predictions for the local ﬁelds which, in turn, results in incorrect prediction of the nonlinear
evolution of history-dependent material behavior. Furthermore, the displacement ﬁeld representation
employed in ESL theories precludes these types of theories from being able to account for the eﬀects of del-
aminations. ‘‘Zig-zag” type theories (Di Sciuva, 1986a,b, 1992, 1997, Murakami, 1986; Toledano and Mura-
kami, 1987; Lee et al., 1990; Cho and Parmerter, 1993; Cheng et al., 1996) have been developed in an eﬀort to
provide more accurate estimates for the local ﬁelds. However, these types of theories are restricted to elastic
problems due to the a priori use of the elastic constitutive relations used to satisfy the interfacial continuity
conditions. Additionally, these types of theories become overly stiﬀ for laminates with a large number of lam-
ina (Averill and Yip, 1996). Discrete layer theories (Reddy, 1987; Williams and Addessio, 1997; Williams and
Addessio, 1998) can provide accurate predictions for the local ﬁelds and delamination eﬀects. However, due to
the variational nature of these formulations it may be necessary to use relatively ﬁne representations of the
layering structure and/or higher order expansion functions to obtain accurate estimates for the transverse
stress ﬁelds (and even in these cases continuity of the transverse stresses at every interface is not guaranteed).
These requirements imply high computational costs for a given analysis.
Once a plate/shell theory capable of accurately predicting the responses at the diﬀerent length scales has
been developed, it is necessary to couple the theory to an appropriate delamination model. Cohesive zone
models are viable theories for modeling crack initiation and growth between two materials. These types of
models relate the jump in displacements across an interface between lamina to the interfacial tractions (Abo-
udi, 1991; Allix and Ladeveze, 1992; Corigliano, 1993; Needleman, 1987, 1990; McGee and Herakovich,
1992). The general form for these models is given byt

3 ¼ f ð½u; aÞ ð1:0:1Þwhere the vector t

3 represents the interfacial tractions referenced to the initial conﬁguration, ½u is the vector
of displacement jumps across the interface, and a represents some generic set of additional variables required
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response curves for both the normal (tn) and shear behavior (ts) of a general CZM are shown in Fig. 1.
In the present work a new theoretical approach to the development of comprehensive, general, multiscale
plate theories for analysis of laminated structures is presented. The theory is based on the use of a two length
scale displacement formulation where the layer displacement ﬁeld is considered to be composed of both global
and local components and the order and functional forms for the global and local components of the displace-
ment ﬁeld are arbitrary. The two scale displacement ﬁeld representation allows the theory to explicitly con-
sider the response at the lamina scale. The governing equations for the theory are derived using the general
nonlinear equations of continuum mechanics referenced to the initial structural conﬁguration. The theory
allows arbitrary cohesive zone models to be incorporated into the analysis to model the eﬀects of delamina-
tions. Furthermore, the theory is suﬃciently general to allow the use of any type of history-dependent material
model to be implemented into the theory without the need for reformulation. If desired, the proposed theo-
retical framework can be directly simpliﬁed to obtain any order of ‘‘smeared” or ‘‘discrete layer” plate theory.
2. General formulation
Consider a laminated composite plate composed of an arbitrary number of layers N , Fig. 2. A layer can
consist of several lamina (sublayers), of a single lamina, of a subregion of a lamina, and/or of a thin interlam-
inar region. It is noted that directly considering the response of a thin interlaminar region can be avoided by
using cohesive zone models to represent this behavior; this has the added advantage of increasing the compu-
tational eﬃcient in any analysis. The lamina/layers may be either perfectly bonded or have displacement jumps
across the interfaces due to delamination.
Two types of general coordinate systems are embedded in the plate. The ﬁrst type of coordinate system is a
global one centered on the mid-plane of the plate. This global coordinate system is denoted by X or X I . The
second type of coordinate system is a local coordinate system centered within each layer. Each of these local
coordinate systems are denoted by Y ðkÞ or Y IðkÞ. The two types of coordinate systems are colinear and refer-
enced to the initial conﬁguration. The interfacial coordinate between the kth and the k þ 1th layers are
denoted by X 3ðkÞ.
The following conventions are used throughout the formulation. Superscripts ‘ðkÞ’ denote the layer num-
ber. Subscripts ‘ðnÞ’ denote the number (order) of both global and local functions in the various ﬁelds. Sum-
mation is implied on repeated order subscripts ‘ðnÞ’. Both total and indicial notation is used in the
development. The number of underlines under a term indicates the tensor order of the term. Latin indices have
a range of 1–3 while Greek indices have a range of 1–2. Summation is implied on repeated Latin or Greek
indices. Variables associated with the initial conﬁguration are denoted by upper case symbols and/or an over-Fig. 1. Typical response curves for a generic cohesive zone model (CZM).
Fig. 2. Laminated plate geometry.
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script o. A comma or oI denotes partial diﬀerentiation with respect to the initial spatial coordinates. A dot over
a symbol denotes partial diﬀerentiation with respect to time. Dots under superscripts or over subscripts are
place keepers used to denote the ordering of the indices in a tensor term, i.e. the ordering of the indices pro-
ceeds from left to right with the dots used to provide the spatial separation required to clarify the arrangement
of the indices.2.1. Kinematical description
The displacement ﬁeld within the kth layer is taken to be composed of a superposition of global and local
eﬀects, i.e.uðkÞðX ; tÞ ¼ UKðrÞðX a; tÞP ðrÞðX 3Þ þ lðkÞKðsÞ ðX a; tÞpðkÞðsÞ ðY 3ðkÞÞ
n o
EK ð2:1:1Þwhere r ¼ 0; . . . ; rmax and s ¼ 0; . . . ; smax, rmax represents the maximum order of the global displacement terms
U ðrÞ, smax denotes the maximum order of the local displacement terms for a layer l
ðkÞ
ðsÞ , and the EK are the unit
vectors in the kth direction. The displacement ﬁeld given in Eq. (2.1.1) is the starting point for the variationally
derived multiscale plate theory of Williams (1999, 2001, 2005).
Eq. (2.1.1) is a multiscale representation of the displacement ﬁeld. The global expansion functions P ðrÞðX 3Þ
are continuous throughout the entire thickness of the plate and, therefore, the U ðrÞðX a; tÞ represent global dis-
placement eﬀects associated with the entire plate. The local expansion functions pðkÞðsÞ ðY 3ðkÞÞ exist only within the
kth layer and, thus, the lðkÞðsÞ ðX a; tÞ are local displacement eﬀects that represent variations about the global dis-
placement ﬁeld induced by the presence of the local layered structure in the plate. The form and order of the
expansion functions P ðrÞðX 3Þ and pðkÞðsÞ ðY 3ðkÞÞ are arbitrary subject only to the restriction that they represent
independent functions. A mathematically rigorous methodology for ensuring the independence of the expan-
sion functions is to require that these functions be orthogonalZ X 3ðkÞ
X 3ðk1Þ
P ðrÞp
ðkÞ
ðrÞx
ðkÞ dY 3ðkÞ ¼ 0 ð2:1:2Þwhere xðkÞ is some appropriate weighting function. It is noted that it is not possible to orthogonalize the con-
stant global and constant local displacement expansion functions. Without loss of generality the following
relations for the expansion functions can be considered to hold
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o3p
ðkÞ
ðrÞ ¼ aðkÞðrqÞpðkÞðqÞ ð2:1:3bÞwhere summation is implied on the repeated order subscripts in the above equations. Note that Eq. (2.1.3)
implicitly assume the existences of complete sets of expansion functions. Incomplete expansion functions were
used in the variationally derived theory of Williams (1999, 2001, 2005).
It is useful to obtain expressions for the derivatives of the displacement vector with respect to the unde-
formed conﬁguration. First consider the inplane derivative. Taking the derivative of Eq. (2.1.1) with respect
to X a gives the resultuðkÞ;a ¼ UKðrÞ;aP ðrÞ þ lðkÞKðsÞ;apðkÞðsÞ
 
EK ð2:1:4aÞDiﬀerentiating Eq. (2.1.1) with respect to X 3 and using Eq. (2.1.3) givesuðkÞ;3 ¼ UKðrÞaðrqÞP ðqÞ þ lðkÞKðsÞ aðkÞðspÞpðkÞðpÞ
 
EK ð2:1:4bÞwhere again summation is implied on repeated order indices.
2.2. Equations of motion
The starting point for the derivation of the equations of motion for the plate are the pointwise equations of
motion (Mason, 1980) given byftag;a þ ft

3g;3 þ q

b

¼ q _v ð2:2:1Þwhere t

K is the stress vector referenced to the undeformed conﬁguration, q

is the density in the undeformed
conﬁguration, b

is the vector of body forces referenced to the undeformed conﬁguration, and _v is the rate
of change of the velocity vector.
The global equations of motion for the plate are derived by multiplying Eq. (2.2.1) by WP ðrÞ and integrating
the result over the domain associated with P ðrÞ, i.e. the entire plate thickness, and where W is some appropriate
weight function associated with the global expansion functions. The following result is obtained with the help
of Eq. (2.1.3)N aðrÞ;a þ F ðrÞ  aðrsÞT ðsÞ þ BðrÞ ¼ _V ðrÞ ð2:2:2aÞ
where r ¼ 0; . . . ; rmax  2 andN aðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
t
aWP ðrÞ dX 3 ð2:2:2bÞ
F ðrÞ ¼ t

3WP ðrÞjX
3ðNÞ
X 3ð0Þ ð2:2:2cÞ
T ðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
t

3WP ðrÞ dX 3 ð2:2:2dÞ
BaðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
q

b

WP ðrÞ dX 3 ð2:2:2eÞ
V aðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
q

vWP ðrÞ dX 3 ð2:2:2fÞNote that must have rmax P 2 for the global equations of motion to exist.
The local equations of motion for the plate are obtained by multiplying Eq. (2.2.1) by wðkÞpðkÞðsÞ and integrat-
ing the result over the domain associated with pðkÞðsÞ , i.e. the kth layer thickness, and where w
ðkÞ is some appro-
priate weight function associated with the local expansion functions. The result, after using Eq. (2.1.3), is given
by
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where s ¼ 0; . . . ; smax  2 andnðkÞaðsÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
t
awðkÞpðkÞðsÞ dX
3 ð2:2:3bÞ
f ðkÞðsÞ ¼ t
awðkÞpðkÞðsÞ jX
3ðkÞ
X 3ðk1Þ ð2:2:3cÞ
sðkÞðqÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
t

3wðkÞpðkÞðsÞ dX
3 ð2:2:3dÞ
bðkÞðsÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
q

b

wðkÞpðkÞðsÞ dX
3 ð2:2:3eÞ
wðkÞðsÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
q

v

wðkÞpðkÞðsÞ dX
3 ð2:2:3fÞ
For the local equations of motion to exist must have smax P 2.
As presented, the above equations of motion do not represent independent governing equations when the
expansion functions P ðrÞ and p
ðkÞ
ðsÞ are not orthogonal functions, i.e. whenZ X 3ðkÞ
X 3ðk1Þ
P ðrÞp
ðkÞ
ðsÞx
ðkÞ dX 3 6¼ 0 for all r and s ð2:2:4Þ
since the global equations of motion, Eq. (2.2.2), based on the deﬁnitions given in Eq. (2.2.2) can be obtained
by summing the local equations of motion, Eq. (2.2.3), over the plate thickness subject to the interfacial trac-
tion continuity constraints. Therefore, it is necessary to impose additional restrictions on the equations of mo-
tion in order to obtain the requisite independent equations of motion associated with the diﬀerent scales. Any
such restrictions on the equations of motion must be consistent with the formulation obtained when the
expansion functions P ðrÞ and p
ðkÞ
ðsÞ are indeed orthogonal as well as the case when the analysis is restricted to
the single scale case.
Any ﬁeld g can be expressed as a combination of global and local components, i.e.g ¼ g þ g^ ð2:2:5Þ
where the global ﬁeld is a function solely of the global expansion functions ðg ¼ gðP ðrÞÞÞ while the local ﬁeld, in
general, depends on both the global and local expansion functions ðg^ ¼ g^ðP ðrÞ; pðkÞðsÞ ÞÞ. Thus, for example, the
stress vector can be expressed in the form t
K ¼ t
K
ðP ðrÞÞ þ t^
K
pðkÞðsÞ ; P ðrÞ
 
.
Independent global equations of motion are obtained by requiring that the global equations of motion
depend only on eﬀects associated with the global expansion functions. Based on this restriction the global
equations of motion retain the form given in Eq. (2.2.2a) while Eq. (2.2.2b–f) become,N aðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
t

aWP ðrÞ dX 3 ð2:2:6aÞ
F ðrÞ ¼ t

3WP ðrÞjX
3ðNÞ
X 3ð0Þ ð2:2:6bÞ
T ðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
t

3WP ðrÞ dX 3 ð2:2:6cÞ
BaðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
q

b

WP ðrÞ dX 3 ð2:2:6dÞ
V aðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
q

vWP ðrÞ dX 3 ð2:2:6eÞwhere v ¼ _U ðrÞP ðrÞ and q

is the global component of the density ﬁeld q

. The above restriction on the global
equations of motion correctly simpliﬁes to the case where the local and global expansion functions are orthog-
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motion do not need to be modiﬁed.
In light of the above developments it is useful to rewrite t

K explicitly in terms of the fundamental kinematic
unknowns UKðrÞ and l
ðkÞK
ðsÞ (in so far as possible without specifying a particular set of constitutive relations). The
stress vector t

K at a point is related to the ﬁrst Piola–Kirchoﬀ (1PK) stress tensor RKi and the second Piola–
Kirchoﬀ (2PK) stress tensor SKI byt
K ¼ RKiEK ¼ SKIðEI þ u;IÞ ð2:2:7Þwhere SKI ¼ oXIoxi RKi. The symmetric nature of the 2PK stress tensor generally makes it preferable to the 1PK
stress tensor for the evaluation of the constitutive behavior of a material under ﬁnite deformations. Combining
Eqs. (2.1.3), (2.1.4), and (2.2.7) givest
K ¼ SKa dIa þ UIðrÞ;aP ðrÞ þ lðkÞIðsÞ;apðkÞðsÞ
 
þ SK3 dI3 þ UIðrÞaðrqÞP ðqÞ þ lðkÞIðsÞ aðkÞðspÞpðkÞðpÞ
 n o
EI ð2:2:8ÞIt is now possible to obtain an expression for the global stress vector t

K . First, note that the 2PK stress ten-
sor can be expressed in the formSKL ¼ SKL P ðrÞ
 þ bSKL pðkÞðsÞ ; P ðrÞ  ð2:2:9Þwhere the global component of the 2PK stress tensor, SKL, is only a function of the global expansion functions.
Using Eq. (2.2.9) and the fact that dka can be considered to be a global ﬁeld in Eq. (2.2.8) and, subsequently,
separating out those eﬀects associated only with the global expansion functions givest

K ¼ SKa dIa þ UIðrÞ;aP ðrÞ
 
þ SK3 dI3 þ UIðrÞaðrqÞP ðqÞ
 n o
EI ð2:2:10ÞUsing Eq. (2.2.10) it is now possible to rewrite the resultants deﬁned in the global equations of motion, Eq.
(2.2.6), directly in terms of the UKðrÞ. Substituting Eq. (2.2.10) into Eq. (2.2.6a) and using Eq. (2.1.3) givesN aðrÞ ¼ N aKðrÞ þ UKðnÞ;bRabðnrÞ þ aðnmÞUKðnÞRa3ðmrÞ
 
EK ð2:2:11aÞwhere the following deﬁnitions have been usedNIJðrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
SIJWP ðrÞ dX 3 ð2:2:11bÞ
RIJðnrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
SIJWP ðnÞP ðrÞ dX 3 ð2:2:11cÞThe term N aðrÞ;a appears in the global equations of motion, Eq. (2.2.2a). Thus, it is useful to develop expres-
sions for this term. Using Eq. (2.2.11) and evaluating the partial derivative with respect to X a givesN aðrÞ;a ¼ N aKðrÞ;a þ UKðnÞ;bRabðnrÞ þ aðnmÞUKðnÞRa3ðnrÞ
 
;a
 
EK ð2:2:12ÞSubstituting Eq. (2.2.10) into Eq. (2.2.6b) givesF ðrÞ ¼ sKðrÞ þ UKðnÞ;as^aðnrÞ þ aðnmÞUKðnÞs^3ðmrÞ
n o
EK ð2:2:13aÞwhere the following deﬁnitions have been usedsIðrÞ ¼ S3IWP ðrÞjX
3ðNÞ
X 3ð0Þ ð2:2:13bÞ
s^IðnrÞ ¼ S3IWP ðnÞP ðrÞjX
3ðNÞ
X 3ð0Þ ð2:2:13cÞSubstituting Eq. (2.2.10) into Eq. (2.2.6c) and using Eqs. (2.1.3) and (2.2.11) givesT ðrÞ ¼ N 3KðrÞ þ UKðnÞ;aR3aðnrÞ þ aðnmÞU kðnÞR33ðmrÞ
n o
EK ð2:2:14Þ
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V ðrÞ ¼ I ðnrÞ _UIðnÞEI ð2:2:15aÞwhere the following deﬁnition has been usedI ðnrÞ ¼
Z X 3ðNÞ
X 3ð0Þ
q

WP ðnÞP ðrÞ dX 3 ð2:2:15bÞSimilarly the resultants deﬁned within the context of the local equations of motion for the plate and can be
rewritten in terms of the kinematic unknowns using Eq. (2.2.10). In particular, using Eqs. (2.1.3) and (2.2.8) in
Eq. (2.2.3b) givesnðkÞaðsÞ ¼ nðkÞaKðsÞ þ UKðnÞ;bM ðkÞabðsnÞ þ aðnmÞUKðnÞM ðkÞa3ðsmÞ þ lðkÞKðpÞ;brðkÞabðpsÞ þ aðkÞðpqÞlðkÞKðpÞ rðkÞa3ðqsÞ
n o
Ek ð2:2:16aÞwherenðkÞIJðsÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
SIJwðkÞpðkÞðsÞ dX
3 ð2:2:16bÞ
rðkÞIJðpsÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
SIJwðkÞpðkÞðpÞp
ðkÞ
ðsÞ dX
3 ð2:2:16cÞ
M ðkÞIJðsnÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
SIJwðkÞpðkÞðsÞP
ðkÞ
ðnÞ dX
3 ð2:2:16dÞThe term nðkÞaðsÞ;a appears in the local equations of motion for the plate and, therefore, it is useful to develop
expressions for this term. Evaluating the inplane gradient of nðkÞaðsÞ using Eq. (2.2.16a) givesnðkÞaðsÞ;a ¼ nðkÞaKðsÞ;a þ

UKðnÞ;bM
ðkÞab
ðsnÞ þ aðnmÞUKðnÞM ðkÞa3ðsmÞ þ lðkÞKðpÞ;brðkÞabðpsÞ þ aðkÞðpqÞlðkÞKðpÞ rðkÞa3ðqsÞ

;a
 
EK ð2:2:17ÞUsing Eqs. (2.1.3) and (2.2.8) and in Eq. (2.2.3c) givesf ðkÞðsÞ ¼ pðkÞKðsÞ þ UKðnÞ;a~pðkÞaðsnÞ þ aðnmÞUKðnÞ~pðkÞ3ðsmÞ þ lðkÞKðpÞ;ap^ðkÞaðpsÞ þ aðkÞðpqÞlðkÞKðpÞ p^ðkÞ3ðqsÞ
n o
EK ð2:2:18aÞwhere the following deﬁnitions have been usedpðkÞIðsÞ ¼ S3IwðkÞpðkÞðsÞ jX
3ðkÞ
X 3ðk1Þ ð2:2:18bÞ
p^ðkÞIðpsÞ ¼ S3IwðkÞpðkÞðpÞpðkÞðsÞ jX
3ðkÞ
X 3ðk1Þ ð2:2:18cÞ
~pðkÞIðsnÞ ¼ S3IwðkÞpðkÞðsÞP ðnÞjX
3ðkÞ
X 3ðk1Þ ð2:2:18dÞ
Using Eqs. (2.1.3), (2.2.8), and (2.2.16) in Eq. (2.2.3d) givessðkÞðsÞ ¼ nðkÞ3KðsÞ þ UKðnÞ;bM ðkÞ3aðsnÞ þ aðnmÞUKðnÞM ðkÞ33ðsmÞ þ lðkÞKðpÞ;arðkÞ3aðpsÞ þ aðkÞkðpqÞlðkÞKðpÞ rðkÞ33ðqsÞ
n o
EK ð2:2:19ÞUsing Eq. (2.1.3) in Eq. (2.2.3f) giveswðkÞðsÞ ¼ bI ðkÞðsnÞ _UKðnÞ þ bI ðkÞðpsÞ _lðkÞKðpÞn oEK ð2:2:20aÞ
where the following deﬁnitions have been usedbI ðkÞðsrÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
q

wðkÞpðkÞðsÞP ðrÞ dX
3 ð2:2:20bÞ
bI ðkÞðpsÞ ¼
Z X 3ðkÞ
X 3ðk1Þ
q

wðkÞpðkÞðpÞp
ðkÞ
ðsÞ dX
3 ð2:2:20cÞ
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The next set of governing equations are obtained from the interfacial constraints on the displacements and
the interfacial tractions. The following portion of the formulation assumes that displacement separation
between layers due to the delamination can be modeled using CZMs. The formulation is carried out using only
the fact that such a CZM exists and is not dependent on any particular form for the CZM.
Since the global components of the displacement ﬁeld are continuous, the displacement (dis)continuity
across the interface between the kth and k þ 1th layers is given by½u ¼ lðkþ1ÞðsÞ ðX a; tÞpðkþ1ÞðsÞ ðX 3 ¼ X 3ðkÞÞ  lðkÞðsÞ ðX a; tÞpðkÞðsÞ ðX 3 ¼ X 3ðkÞÞ ¼ hðt

3; aÞ ð2:3:1ÞAs noted in Eq. (1.0.1), the displacement jump is treated as a function of the interfacial traction and some set
of additional variables (such as internal state variables). Once a particular form of CZM, i.e. hðt3; aÞ, is chosen
for a given application the resulting relation can be expressed directly in terms of the kinematic unknowns.
The interfacial traction continuity condition between the kth and k þ 1th layers is given by
t
ðkþ1Þ3ðX a;X 3 ¼ X 3ðkÞ; tÞ þ tðkÞ3ðX a;X 3 ¼ X 3ðkÞ; tÞ ¼ 0 ð2:3:2ÞUsing Eq. (2.2.8) in Eq. (2.3.2) gives the following component forms for the interfacial traction continuity
conditionsSðkþ1Þ3a dKa þ UKðrÞaP ðrÞ þ lðkþ1ÞKðsÞa pðkþ1ÞðrÞ
n o
þ Sðkþ1Þ33 dK3 þ aðrmÞUKðrÞP ðmÞ þ aðkþ1ÞðsqÞ lðkþ1ÞKðsÞ pðkþ1ÞðqÞ
n o
¼ SðkÞ3a dKa þ UKðrÞaP ðrÞ þ lðkÞKðsÞapðkÞðrÞ
n o
þ SðkÞ33 dKa þ aðrmÞU kðrÞP ðmÞ þ aðkÞðsqÞlðkÞkðsÞ pðkÞðqÞ
n o
ð2:3:3Þ
The arguments X 3ðkÞ for the expansions functions has been dropped for conciseness in Eq. (2.2.3).
It is emphasized that the interfacial constraints are imposed in a strong sense rather than a variational one.
2.4. Shell boundary conditions
Now consider the boundary conditions for the shell. Both traction and displacement boundary condition
forms are given. Of course only one type from each set can be used at a given point on each surface.
The traction boundary conditions at a point on the shell surface are given byt
KmK ¼ pKEK ð2:4:1Þwhere p
K is a speciﬁed function of the initial coordinates on the undeformed boundary that gives the loading
on the surface.
Combining Eq. (2.2.8) and (2.4.1) gives the following component forms of the traction boundary conditions
for the bottom and top surfaces of the shellSðkÞ3a dKa þ UKðrÞaP ðrÞ þ lðkÞKðsÞapðkÞðsÞ
n o
þ SðkÞ33 dK3 þ aðrmÞU kðrÞP ðmÞ þ aðkÞðsqÞlðkÞkðsÞ pðkÞðqÞ
n o
¼ pK ð2:4:2Þ
The appropriate forms of Eq. (2.4.2) at the bottom and top surfaces of the shell are obtained by using k ¼ 1 or
k ¼ N and with all spatial dependencies evaluated at either X 3ð0Þ for k ¼ 1 or X 3ðNÞ for k ¼ N over the entire
range of X a for which stress boundary conditions are applied, respectively.
The displacement boundary conditions at a point on the shell surface are given byUKðrÞP ðrÞ þ lðkÞKðsÞ pðkÞðsÞ
n o
EK ¼ uKEK ð2:4:3Þ
The appropriate form of Eq. (2.4.3) at the bottom and top surfaces of the shell are obtained by using k ¼ 1 or
k ¼ N and with the spatial dependencies evaluated at either X 3ð0Þ for k ¼ 1 or X 3ðNÞ for k ¼ N over the entire
range of X a for which displacement boundary conditions are applied, respectively.
In order to develop the lateral surface traction boundary conditions it is necessary to separate Eq. (2.4.1)
into global and local components. In particular, using the concept embodied by Eq. (2.2.5) in Eq. (2.4.1) can
write
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
K þ t^

K
 	
mK ¼ p

K þ p^

K
 	
EK ð2:4:4ÞAt this point the development of the stress boundary conditions for the lateral surfaces follows the develop-
ment method used to obtain the equations of motion for the shell. Note that the same restrictions used to de-
velop the global equations of motion are also imposed on the global boundary conditions. In particular, the
stress boundary conditions associated with global eﬀects are obtained by multiplying Eq. (2.4.4) by WP ðrÞ, inte-
grating over the domain associated with P ðrÞ, imposing the restriction used in the development of the global
equations of motion and using the deﬁnitions given in Eq. (2.2.6). The resulting global stress boundary con-
ditions areN cðrÞmc ¼
Z X 3ðNÞ
X 3ð0Þ
p

kWP ðrÞ dX 3Ek þ
Z X 3ðNÞ
X 3ð0Þ
p

3WP ðrÞ dX 3E3 ð2:4:5aÞwhere r ¼ 0; . . . ; rmax  2 and where the mc are the components of the inplane normal. Similarly, the stress
boundary conditions associated with the local eﬀects are obtained by multiplying Eq. (2.4.1) by wðkÞpðkÞðsÞ , inte-
grating over the domain associated with pðkÞðsÞ , and using the deﬁnitions given in Eq. (2.2.3). The resulting local
stress boundary conditions arenðkÞcðsÞ mc ¼
Z X 3ðkÞ
X 3ðk1Þ
p
adkaw
ðkÞpðkÞðsÞ dX
3Ek þ
Z X 3ðkÞ
X 3ðk1Þ
p
3wðkÞpðkÞðsÞ dX
3E3 ð2:4:5bÞwhere s ¼ 0; . . . ; smax  2.
The lateral surface displacement boundary conditions are developed using the same procedure as used to
develop the equations of motion and the stress boundary conditions. Separating the applied displacement ﬁeld
in Eq. (2.4.3) into global and local eﬀects givesUKðrÞP ðrÞ þ lðkÞKðsÞ pðkÞðsÞ
n o
EK ¼ uK þ u^K
 
EK ð2:4:6Þ
where uK and u^K are the global and local components of the applied displacement ﬁeld, respectively. Next
applying the procedures used to generate the global equations of motion and the global lateral surface traction
boundary conditions givesUKðrÞ
Z X 3ðNÞ
X 3ð0Þ
WP ðrÞP ðnÞ dX 3 ¼
Z X 3ðNÞ
X 3ð0Þ
uKWP ðnÞ dX 3 ð2:4:7aÞwhere r ¼ 0; . . . ; rmax  2 gives the global part of the displacement B.C.s for the lateral surfaces. The corre-
sponding local displacement boundary conditions are given byUKðrÞ
Z X 3ðkÞ
X 3ðk1Þ
wðkÞP ðrÞp
ðkÞ
ðqÞ dX
3 þ lðkÞKðsÞ
Z X 3ðkÞ
X 3ðk1Þ
wðkÞpðkÞðsÞp
ðkÞ
ðqÞ dX
3 ¼
Z X 3ðkÞ
X 3ðk1Þ
uKwðkÞpðkÞðqÞ dX
3 ð2:4:7bÞwhere q ¼ 0; . . . ; qmax  2.
Note that Eqs. (2.4.2) and (2.4.3) represent governing equations used to determine the kinematic unknowns
in the theory while Eqs. (2.4.5) and (2.4.7) are the boundary conditions used to determine the integration con-
stants obtained in the solution of the governing (diﬀerential) equations.
2.5. Global-local ﬁeld orthogonality constraints
The ﬁnal set of governing equations for the theory are orthogonality conditions imposed on the local and
global ﬁelds. Mathematically, these constraints are given byZ X 3ðNÞ
X 3ð0Þ
U ðrÞWP ðrÞ dX 3 
X
k
Z X 3ðkÞ
X 3ðk1Þ
lðkÞðsÞw
ðkÞpðkÞðsÞ dX
3 ¼ 0 ð2:5:1aÞand
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X 3ð0Þ
U ðrÞWP 0ðrÞ dX
3 
X
k
Z X 3ðkÞ
X 3ðk1Þ
lðkÞðsÞw
ðkÞpðkÞðsÞ
0
dX 3 ¼ 0 ð2:5:1bÞThese restrictions ensure that the local and global kinematic ﬁelds are independent. It is noted that Eq. (2.5.1a)
allows the use of constant global and constant local expansion functions to be utilized in the formulation even
though these expansion functions can not be made independent.
When either the local or global components of the displacement ﬁeld are a priori set to zero then Eq. (2.5.1)
are automatically satisﬁed. When both types of ﬁelds are present then, in order to ensure the ﬂuctuating nature
of the local ﬁeld, the above conditions are satisﬁed byX
k
Z X 3ðkÞ
X 3ðk1Þ
lðkÞðsÞw
ðkÞpðkÞðsÞ dX
3 ¼ 0 ð2:5:2aÞandX
k
Z X 3ðkÞ
X 3ðk1Þ
lðkÞðsÞw
ðkÞpðkÞðsÞ
0
dX 3 ¼
X
k
Z X 3ðkÞ
X 3ðk1Þ
lðkÞðsÞa
ðkÞ
ðspÞw
ðkÞpðkÞðpÞ dX
3 ¼ 0 ð2:5:2bÞThe orthogonality constraints, Eq. (2.5.1) or Eq. (2.5.2), result in the local displacement and displacement
gradient with respect to the transverse direction representing ﬂuctuating ﬁelds as opposed to just variations
about the global ﬁeld. Thus, the global ﬁeld represents the mean behavior of the shell. Physically, the fact that
orthogonality is imposed on both the displacements and the transverse gradients of the displacements is due to
the fact that the bulk translation and the bulk thickness change represent independent modes of deformation
for the shell.
2.6. Formulation summary and theoretical implications
The fundamental unknowns in the theory are the kinematic terms U ðrÞ and l
ðkÞ
ðsÞ . There are
3ðrmax þ NsmaxÞ þ 3ðN þ 1Þ unknowns. The ﬁrst set of governing equations for the unknowns are the equations
of motion. The global equations of motion, Eqs. (2.2.2a) and (2.2.6), provide 3ðrmax  1Þ governing equations
while the local equations of motion, Eq. (2.2.3), provide an additional 3Nðsmax  1Þ governing equations. The
displacement (dis)continuity relations for the interfaces, Eq. (2.3.1), provide 3ðN  1Þ governing equations
while the traction continuity equations, Eq. (2.3.3), represent another 3ðN  1Þ governing equations. The
boundary conditions at the bottom and top surfaces of the plate, Eq. (2.4.2) or Eq. (2.4.3) (for k ¼ 1 or
for k ¼ N , respectively) provide 6 governing equations. The ﬁnal 6 governing equations required for a com-
plete theory are given by the ﬁeld orthogonality constraints, Eq. (2.5.1) or Eq. (2.5.2). The above governing
equations are subject to the lateral surface boundary conditions given by Eq. (2.4.5) or Eq. (2.4.7).
The use of a multilength scale displacement expansion in the current theory has several general implica-
tions. Consideration shows that these diﬀerent scale eﬀects are fully coupled throughout the governing equa-
tions. The orthogonality constraints, Eq. (2.5.1), imply that the global displacement eﬀects capture the mean
trends in the plate behaviors, while the ﬂuctuating displacement ﬁeld eﬀects correct for the variations in the
ﬁelds induced by the local layered structure of the plate. The use of generalized local and global displacement
expansions allows the local variations in the displacement ﬁeld to be modeled with any desired degree of accu-
racy in an eﬃcient fashion. The potential level of accuracy that can be achieved with the multiscale analysis
implies that history-dependent phenomena (with their nonlinear evolution) can be modeled accurately.
CZMs are the central to the modeling of delaminations within the theory. The use of CZMs to model
delamination between the layers in the plate means that delamination initiation and evolution can be modeled
without introducing a priori assumptions concerning initial crack size, location, or the numbers of cracks or
any subsequent assumptions about the delamination evolution, such as self-similar growth. In general, CZMs
are consistently formulated using the internal state variable (ISV) formalism of thermomechanics, Corigliano
(1993). There are a broad number of potential CZM formulations currently available, see Corigliano (1993),
Corigliano et al. (2003), Chaboche et al. (2001), and Lo et al. (1995) for examples. A review of some of the
available CZM modeling work in composites is given by Tay (2003). As with continuum constitutive models
T.O. Williams / International Journal of Solids and Structures 45 (2008) 2534–2560 2545there are no commonly accepted set of ISVs identiﬁed for such models nor a commonly accepted structure for
such theories. One of the strengths of the current theoretical framework is that it can incorporate any CZM
form. The characterization of such models can prove a complex task that must be changed for each diﬀerent
model. However, there are some generally accepted common features of such models. The initial slope of such
models can often be identiﬁed with the stiﬀness of the pure matrix present in the resin rich interlaminar
regions. The area under the curve is proportional to the critical energy release rate. Most CZMs incorporate
a ﬁnal separation distance that corresponds to complete separation behind the process zone and that intro-
duces a critical length scale into the analysis. A more complete discussions of the identiﬁcation process for
the parameters in CZMs is given by Corigliano (1993) and particular examples of the process are given by
Corigliano (1993) and Corigliano et al. (2003).
3. Specializations of the theory
A number of diﬀerent specializations of the proposed theory are examined in order to illustrate the versi-
tility of the proposed framework. In particular, the specializations to a von Karman type multiscale theory
and a geometrically linear, multiscale theory are considered explicitly. The subsequent specializations to single
scale theories of either the global (‘‘smeared”) or local (‘‘discrete-layer”) type are outlined.
3.1. von Karman plates
The majority of practical composite plate theories limit the nonlinear eﬀects incorporated into an analysis
by utilizing simplifying assumptions. One frequently used simplifying assumption is the von Karman assump-
tion under which the only nonlinear eﬀects retained in the analysis are those that are functions of the inplane
gradients of the out of plane displacement component and inplane stresses gradients. In carrying out the sim-
pliﬁcation of the proposed theory in a manner consistent with the von Karman assumption it is necessary to
note that the terms F ðrÞ and T ðsÞ in Eq. (2.2.2a) and the terms f ðsÞ and sðqÞ in Eq. (2.2.3a) arise due to transverse
stress gradients. Therefore, under the von Karman type restriction, the global equations of motion, Eq.
(2.2.2a), becomeN akðrÞ;a þ skðrÞ  aðrsÞN 3kðsÞ þ BkðrÞ ¼ I ðnrÞ €U kðnÞ ð3:1:1aÞ
andN a3ðrÞ;a þ ðU 3ðnÞ;bRabðnrÞÞ;a þ s3ðrÞ  aðrsÞN 33ðsÞ þ B3ðrÞ ¼ I ðnrÞ €U 3ðnÞ ð3:1:1bÞ
The corresponding local equations of motion, Eq. (2.2.3a), arenðkÞakðsÞ;a þ pðkÞkðsÞ  aðkÞðsqÞnðkÞ3kðqÞ þ bðkÞkðsÞ ¼ bI ðkÞðsnÞ €U kðnÞ þ bI ðkÞðpsÞ€lðkÞkðpÞ ð3:1:2aÞ
andnðkÞa3ðsÞ;a þ U 3ðnÞ;bM ðkÞabðsnÞ þ lðkÞ3ðpÞ;brðkÞabðpsÞ þ
n o
;a
þ pðkÞ3ðsÞ  aðkÞðsqÞnðkÞ33ðqÞ þ bðkÞ3ðsÞ ¼ bI ðkÞðsnÞ €U 3ðnÞ þ bI ðkÞðpsÞ€lðkÞ3ðpÞ ð3:1:2bÞThe von Karman assumption does not aﬀect either the top/bottom surface displacement boundary condi-
tions or the displacement (dis)continuity constraints at the interfaces. However, it does aﬀect both the traction
B.C.s on the top/bottom surfaces as well as the traction continuity conditions. Applying the von Karman
restriction to the interfacial traction conditions, Eq. (2.3.3), givesSðkþ1Þ3a ¼ SðkÞ3a ð3:1:3aÞ
andSðkþ1Þ3a U 3ðrÞ;aP ðrÞ þ lðkþ1Þ3ðsÞ;a pðkþ1ÞðsÞ
n o
þ Sðkþ1Þ33 ¼ SðkÞ3a U 3ðrÞ;aP ðrÞ þ lðkÞ3ðsÞ;apðkÞðsÞ
n o
þ SðkÞ33 ð3:1:3bÞwhile the traction boundary conditions on bottom and top surfaces, Eq. (2.4.2), become
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andSðkÞ3a U 3ðrÞ;aP ðrÞ þ lðkÞ3ðsÞ;apðkÞðsÞ
n o
þ SðkÞ33 ¼ p3 ð3:1:4bÞThe lateral surface boundary conditions retain the form given in Eq. (2.4.5) but the forms of N aðrÞ and n
ðkÞa
ðsÞ
reduce to the following expressionsN aðrÞ ¼ N akðrÞAk þ N a3ðrÞ þ U 3ðnÞ;bRabðnrÞ
n o
A3 ð3:1:5aÞandnðkÞaðsÞ ¼ nðkÞakðsÞ Ak þ nðkÞa3ðsÞ þ U 3ðnÞ;bM ðkÞabðsnÞ þ lðkÞ3ðpÞ;brðkÞabðpsÞ
n o
A3 ð3:1:5bÞThe governing equations developed by Williams (1999) and Eqs. (3.1.1)–(3.1.5) are equivalent in the sense
that both have been developed under the von Karman restrictions. However, examination shows that the ﬁnal
forms of the governing equations exhibit some signiﬁcant diﬀerences. The diﬀerences in the theories are brieﬂy
considered here. The ﬁrst apparent diﬀerence in the two theories occurs in the local expansion functions. In
particular, in the variational theory one set of either the local or global expansion functions exclude the con-
stant term while in the current theory this term is retained. This diﬀerence has implications for situations
where signiﬁcant debonding occurs. Now consider the governing equations in both theories. The resultants
used in the development of each theory have their conceptual parallels in the other theory. However, the
restrictions in the current theory requiring that the global resultants, Eq. (2.2.6), depend only on the global
parts of the traction vector result in signiﬁcant diﬀerences in the two sets of resultants. The equations of
motion in the two theories utilize diﬀerent ranges of the order indices, i.e in the current theory the order indices
ranges for the global and local equations of motion are r ¼ 0; . . . ; rmax  2 and s ¼ 0; . . . ; smax  2 while the
corresponding ranges in the variationally derived theory are given by r ¼ 0; . . . ; rmax and s ¼ 0; . . . ; smax. It
is noted that under appropriate choices of the global and local expansion functions that the equations of
motion in the current theory can be considered to be equivalent to the strong form (pointwise) equations
of motion up through orders consistent with the orders of the expansions. The diﬀerences in range are due
to the fact that there are two partial diﬀerentiations in the X 3 direction in the pointwise equations of motion.
The current formulation satisﬁes the interfacial constraints, Eqs. (2.3.1) and (2.3.3), and the top and bottom
boundary conditions, Eqs. (2.4.2) and (2.4.3), in a strong (pointwise) sense rather than incorporating them
into the variational statement of the equations of motion where the interfacial tractions are treated as funda-
mental unknowns and thus not determined directly from the constitutive relations. Comparison of the bound-
ary conditions in the two theories shows that again they have the same functional forms (despite the
diﬀerences in the resultant deﬁnitions) but diﬀerent ranges. The orthogonality constraints, Eq. (2.5.1), present
in the current theory, do not appear in the variational theory.3.2. Specialization to a geometrically linear plate theory
Frequently, a linear theory is often suﬃcient to perform analyses on the behavior of laminated plates. To
obtain the linearized theory from the full theory all nonlinear terms involving products of the resultants and
the displacements are eliminated from the governing equations. In particular, the global equations of motion,
Eq. (3.1.1), becomeN aKðrÞ;a þ sKðrÞ  aðrsÞN 3KðsÞ þ BKðrÞ ¼ I ðnrÞ €UKðnÞ ð3:2:1Þ
while the local equations of motion, Eq. (3.1.2), becomenðkÞaKðsÞ;a þ pðkÞKðsÞ  aðkÞðsqÞnðkÞ3KðqÞ þ bðkÞKðsÞ ¼ bI ðkÞðsnÞ €UKðnÞ þ bI ðkÞðpsÞ€lðkÞKðpÞ ð3:2:2Þ
The interfacial traction continuity conditions, Eq. (3.1.3), are given by
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The interfacial displacement (dis)continuity conditions remain unchanged.
The traction boundary conditions for the linear theory are given bySðkÞ3K ¼ pK ð3:2:4Þ
The lateral surface traction boundary conditions retain the form given by Eq. (2.4.5) with the following
forms of the resultantsN aðrÞ ¼ N aKðrÞAK ð3:2:5aÞ
andnðkÞaðsÞ ¼ nðkÞaKðsÞ AK ð3:2:5bÞ
being used.
The resulting plate theory retains the multiscale nature of the full theory as well as the ability to model
delamination.
3.3. Specialization to a single scale plate theory
Single scale theories can be obtained as a subset of the proposed theory by simply requiring a priori than
one of the sets of kinematic unknowns be zero. In particular, requiring lðkÞðsÞ ¼ 0 results in a smeared type the-
ory while imposing U ðrÞ ¼ 0 results in a discrete layer theory. The discrete layer theory retains the ability to
model the eﬀects of delaminations.
4. Validation and results
In this section selected results generated using the linear version of the proposed theory (denoted by
GMSST) are presented to illustrate the accuracy of the theory for both perfectly bonded and delaminated
plates. Comparisons are made to selected exact solutions as well as the previously derived variationally based
theory (denoted by GGLLPT). When feasible the errors in the ﬁelds as well the ﬁelds are presented in order to
provide a more well-founded assessment for validating the theory.
Since the theory of Williams (1999) was shown to accurately predict the response of both perfectly bonded
and delaminated plates for relatively thick plates (aspect ratios of 8 or greater), the results generated in this
section will be more heavily focused on the ability of the proposed theory to predict the behavior of such plates
at aspect ratios of 8 or less. Additionally, given the relative importance of the transverse stresses in determin-
ing both the delamination behavior of a plate and the material history-dependent behavior particular empha-
sis will be placed on the ability to accurately predict such stresses directly from the constitutive relations for
the individual lamina.
4.1. One-dimensional, static response of perfectly bonded laminate
A necessary check on the accuracy of any plate theory is that it correctly predicts the exact results for the
static response of a one-dimensional (1D) laminated plate (Aboudi, 1991). The proposed theory does correctly
predict the exact solution for this case (not shown).
4.2. Results for perfectly bonded and delaminated, laminated plates
The following validation section will consider the behavior of both perfectly bonded and delaminated com-
posite plates subjected to cylindrical bending. An exact solution for the behavior of perfectly bonded, cross-ply
plates subjected to cylindrical bending has been given by Pagano (1969). This solution was extended by Wil-
liams and Addessio (1997) to consider the behavior of delaminated plates where the delamination behavior
was modeled using linear CZMs of the form
Table
Eﬀecti
El (GP
25.00
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The cohesive zone model given by Eq. 4.1.1, (linear and uncoupled), is the simplest possible model for delam-
ination. In fact, the above relations are limited to predicting the initiation and preliminary growth of delam-
inations. In general, realistic CZMs involve nonlinear history-dependent relations for the delamination
initiation and growth.
The validation results are generated under the following conditions. The plates are assumed to be composed
of a linearly elastic Gr/Ep system, Table 1. The applied loading is normal to the top surface of the plate and is
given byr33 x1; x
ðNÞ
3
 
¼ q1 sin
px1
L
 
ð4:2:2Þi.e. only a single harmonic with a positive magnitude in a sine expansion is used. The results are presented in
terms of the following nondimensionalizationsu1ð0; x3Þ ¼
Etu1ð0; x3Þ
q1hS
3
; u3ðL=2; x3Þ ¼
100Etu3ðL=2; x3Þ
q1hS
4
;
r11ðL=2; x3Þ ¼
r11ðL=2; x3Þ
q1S
2
; r22ðL=2; x3Þ ¼
r22ðL=2; x3Þ
q1S
2
; r33ðL=2; x3Þ ¼
r33ðL=2; x3Þ
q1S
2
;
r23ð0; x3Þ ¼
r13ð0; x3Þ
q1S
2
; r13ð0; x3Þ ¼
r13ð0; x3Þ
q1S
2
; r12ðL=2; x3Þ ¼
r12ðL=2; x3Þ
q1S
2
; ð4:2:3Þ
S ¼ L
h
x3 ¼
x3
h
x1 ¼
x1
LAll results for the transverse stresses r33 and r

13 are obtained directly from the constitutive equations and are
not based on integrations of the pointwise equilibrium equations. The delaminated plate results are generated
using RðkÞn ¼ 3:3811 m=MPa and RðkÞs ¼ 2:231 m=MPa.
The notation GrmaxLsmax is used to denote the diﬀerent orders of analysis where the global order is rmax and
the local order is smax. When rmax is zero then the analysis corresponds to a discrete layer analysis. When rmax
and smax are nonzero then the analysis is a multiscale analysis. No global only or smeared analyses (GrmaxL0)
are considered since for the cases considered such types of analyses can not hope to generate accurate predic-
tions for the diﬀerent ﬁelds.
The ﬁrst case considered is the response of a delaminating 0/90/0/90/0 plate where the normalized lamina
thicknesses (starting from the bottom) are 0.2, 0.4, 0.2, 0.1, and 0.1. While the layup for this laminate is sym-
metric with respect to the lamina orientations it is an unsymmetric laminate in terms of lamina thicknesses.
This results in strong coupling between the extensional and the bending responses and, thus, represents a more
demanding test case than a purely symmetric laminate. The current example results in a plane strain problem
that exhibits shearing only in the transverse direction. Thus, for this example, only the displacement compo-
nents u1ðx1; x3Þ and u3ðx1; x3Þ are nonzero. Also, the only nonzero stresses in the example are r11, r33, and r13.
Figs. 3 and 4 present the percent error in the predictions for u1ð0; L=2Þ and u3ðL=2; 0Þ as a function of aspect
ratio (S) which ranges from 2 to 15. Results from the multiscale theories are generated using global/local ﬁeld
orders of G1L3, G3L3, G3L4, and G5L3. The G1L3, G3L3, G3L4, and G5L3 analyses employ 44/34, 48/38,
56/46, and 50/40 unknowns for the GMSST/GGLLPT analyses, respectively. Consideration of these results
shows that for aspect ratios of 8 or greater there is essentially zero error in the predictions obtained from either
theory. For aspect ratios of less than 8 the variationally derived theory is somewhat stiﬀ for the G1L3 and
G3L3 theories while for the G3L4 and G5L3 theories there is essentially zero error in the predictions. The
maximum error obtained using the variational theory is about 1.75% (obtained using the G3L3 analysis).1
ve elastic material properties for Gr/Ep composite system
a) Et (GPa) mlt mtt Glt (GPa) Gtt (GPa)
1.00 0.25 0.25 0.50 0.20
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investigated further. Alternatively, all of analyses performed using the currently proposed theory are some-
what compliant compared to the exact solution. The maximum error in these cases is less than 0.1% (obtained
using both the G1L3 and G3L3 analyses). For both types of theory as the global/local order increases (with
the exception of the G3L3 in the variational theory) the magnitude of the error decreases. One implication of
these results is that the error in the predictions can be driven to zero by using an appropriate combination of
the global and local ﬁelds. This ability has signiﬁcant implications for the predictive accuracy of the theory in
history-dependent analyses.
Based on the above results the behavior of the same lamination sequence is investigated for aspect ratios S
of 5, 8, or 15 which covers the range from thick plates S ¼ 5 to the beginning of moderately thick plates
S ¼ 15. All of the analyses for these cases are carried out using global orders of 1 and local orders of 3. Anal-
yses based on G1L3 expansions are the most computationally eﬃcient of the multiscale analyses. Note that, at
best, classical lamination theory is considered to be accurate for aspect ratios of greater than 20. The strong
contrast in material properties and these aspect ratios for the plate make the current examples challenging test
cases for any plate theory. Figs. 5 and 6 give the distributions in the errors in the predictions for u1ðx1; L=2Þ
and u3ðL=2; x3Þ for these aspect ratios. Consideration of the u1ðx1; L=2Þ predictions shows that in all cases the
maximum error in the predictions is less than 1.25%. Consideration of the distributions of the errors over the
plates’ thicknesses shows that the errors are, in general substantially smaller in magnitude than these maxi-
mum errors. Comparison of the predictions shows that the errors in the proposed theory’s predictions are
smaller in magnitude than the errors in the variational theory’s predictions. Again the errors in the predictions
for both theories approach zero throughout the thickness as the aspect ratio increases. The error distributions
in u3ðL=2; x3Þ, Fig. 6, are in all cases substantially smaller than those seen for u1ðx1; L=2Þ being less than 0.015%
in magnitude. Again comparison of the results obtained from the two multiscale theories shows that, in gen-
eral, the currently proposed theory is more accurate than the variational theory.
The inplane stress (r11) distributions and the associated error distributions for the same plates (S ¼ 5; 8; 15)
are given in Figs. 7 and 8. Consideration of the stress distributions shows that both the variational and theFig. 3. The percent error in the predictions for u1ð0; L=2Þ as a function of S for a delaminated cross-ply plate.
Fig. 4. The percent error in the predictions for u3ðL=2; 0Þ as a function of S for a delaminated cross-ply plate.
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The associated error predictions, Fig. 8, show that the maximum errors in the predictions are less than 5%.
Further consideration shows that the proposed theory more accurately predicts the inplane stress than does
the variational theory for a given analysis order (global/local) except at the location where the stress in the
second lamina switches sign. Given that the stress around this point is essentially zero this fact should be
unimportant.
Next, the transverse shear stress r13 response is examined. This stress component is important since it helps
to drive delamination initiation and growth as well as history-dependent material behavior. The distributions
through the thickness for this stress component for the three diﬀerent aspect ratios are given in Fig. 9. The
general trends in the ﬁeld distribution are accurately predicted by both of the multiscale theories. The varia-
tionally based theory does not correctly predict aspects of the pointwise values. In particular, the variationally
derived theory exhibits discontinuous stresses at the interfaces (which should be continuous) and it does not
correctly predict the boundary condition values at the top and bottom surfaces. Furthermore, the predictions
obtained for the response in the bottom layer obtained from the variational theory exhibit some noticeable
errors resulting in both over and under predicting the stress values in the layer. These eﬀects are exacerbated
as the aspect ratio becomes smaller. As the aspect ratio increases the variational theory becomes more accurate
and the mismatches at the interfaces and the boundaries become smaller (approach negligible for suﬃciently
high order analysis). The currently proposed theory, on the other hand, exhibits continuous stresses across the
interfaces and accurately captures the boundary conditions for all of the aspect ratios. Additionally, the
noticeable errors observed in the variational theory’s predictions in the bottom layer are absence in the pro-
posed theory’s predictions. The errors in the distribution of the transverse shear stress are given in Fig. 10. It
can be observed that the greatest errors in the predictions obtained from both theories occur in the regions
near the top and bottom surfaces. In the case of the variationally based theory the greatest errors do occur
at the boundaries and are due to the fact that this theory does not satisfy the boundary conditions exactly.
The largest errors (less than 3%) in the predictions obtained from the current theory occur at points just within
the boundaries. Under the current loading conditions the stress values nearest the boundaries are zero and,
hence, the resulting errors in both sets of predictions are probably insigniﬁcant. In the middle regions of
Fig. 5. The distribution through the thickness of the errors in the predictions for u1ð0;L=2Þ as a function of S for a delaminated cross-ply
plate.
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greater than 0.5% and, in general, essentially zero.
Finally, the distribution of the transverse normal stress and the associated errors are given in Figs. 11 and
12. Again, in general, both theories provide accurate estimates for the distribution of this stress component.
Close consideration of the stresses at the interfaces shows that the variational theory’s results do not satisfy
continuity of the ﬁeld while the current theory does satisfy this requirement. Again as the aspect ratio increases
the variation theory results exhibit less mismatch at the interfaces. The greatest errors in the predictions
obtained from both theories occur at the bottom of the plate. Since the stress value here is near zero such
errors should not present a signiﬁcant problem. Away from the bottom of the plate the errors drop to less
than 1%. The largest of these errors occur in the top half of the plate. In general these errors are larger for
the variational theory than for the currently proposed theory. At the top of the plate the proposed theory
exactly satisﬁes the imposed boundary condition while the variational theory exhibits errors of about 1% at
this location.
The perfectly bonded results for the same lamination sequence and aspect ratios exhibit essentially the same
trends and, hence, these results are not presented in the interests of conciseness.
For the next case, the response of a thick (S = 5) perfectly bonded laminate composed of an unsymmetric,
multiangle lay-up is examined. The objective in this case was to develop as complicated a set of response ﬁelds
as possible. In particular, a laminate composed 30/90/40/20/60 lamina with normalized thicknesses (start-
ing from the bottom) of 0.2, 0.4, 0.2, 0.1, and 0.1 is considered. In all aspects the current plate is unsymmetric
and, thus, can be considered a demanding test case of any plate theory’s capabilities. This example exhibits a
more general deformation ﬁeld than the plane strain ﬁeld of the previous example, i.e. the deformation ﬁeld
includes all three displacement components, u1ðx1; x3Þ, u2ðx1; x3Þ, and u3ðx1; x3Þ. Such a deformation ﬁeld allows
for the presence of all of the diﬀerent normal and shear strain and stress components to exist. The extra defor-
mation eﬀects are induced by the coupling eﬀects of the oﬀ-axis lamina. It was shown by Williams (1999, 2001)
that the discrete layer version of the variationally based theory gave highly accurate predictions when higher
Fig. 6. The distribution through the thickness of the errors in the predictions for u3ðL=2; 0Þ as a function of S for a delaminated cross-ply
plate.
Fig. 7. The distribution through the thickness of r11 as a function of S for a delaminated cross-ply plate.
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Fig. 8. The distribution through the thickness of the errors in the predictions for r11 as a function of S for a delaminated cross-ply plate.
Fig. 9. The distribution through the thickness of r13 as a function of S for a delaminated cross-ply plate.
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Fig. 11. The distribution through the thickness of r33 as a function of S for a delaminated cross-ply plate.
Fig. 10. The distribution through the thickness of the errors in the predictions for r13 as a function of S for a delaminated cross-ply plate.
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Fig. 12. The distribution through the thickness of the errors in the predictions for r33 as a function of S for a delaminated cross-ply plate.
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baseline results in the following example are obtained using a 7th order discrete layer analysis based on the
variationally derived theory, i.e. a G0L7 analysis. Additional results obtained using a G0L7, G0L5, and
G1L3 analysis with the current theory as well as a G1L3 analysis using the variational theory are compared
to these baseline results. The G0L7 analyses utilize 120 unknowns, the G0L5 analysis uses 90 unknowns, and
the G1L3 analyses use 51 unknowns (variational theory) and 66 unknowns (current theory). Thus, the mul-
tiscale analyses are signiﬁcantly more computationally eﬃcient than the discrete layer analyses which has
important implications when dealing with history-dependent analyses where incremental loading is required
to carry out a structural analysis. Since the displacement ﬁeld is easier to predict correctly than the stress ﬁeld
the following results examine only the stress ﬁeld distribution through the thickness of the plate in the interests
of conciseness. The displacement ﬁeld is accurately predicted.
The distributions for the inplane stresses r11, r

22, and r

12 are given in Figs. 13–15, respectively. As can be
seen all of the results are in excellent agreement showing no signiﬁcant deviations between any of the analyses.
Consideration of the distribution for r13, Fig. 16, shows that the current theory’s G0L7, G0L5, and G1L3
analyses are in excellent agreement with the G0L7 analysis obtained from the variationally based theory.
These predictions are continuous across the interfaces as required. Alternatively, the G1L3 variationally based
analysis does deviate from the baseline predictions in the bottom layer. In particular, the boundary condition
at the bottom of the laminate is not satisﬁed, the stress distribution within the layer deviates from the baseline
results to a graphically noticeable amount, and the ﬁeld is not continuous at the interface as required. The
error in the stress at the interface is on the order of 10% (as compared to the baseline results).
The distribution for r23 is given in Fig. 17. Examination shows that this stress component has a relatively
complex distribution that changes from negative to positive as well as exhibiting fairly strong gradients which
change sign within some of the lamina. Again the current theory’s G0L7, G0L5, and G1L3 analyses are in
excellent agreement with the variationally based G0L7 analysis. The variationally based G1L3 analysis again
exhibits graphically noticeable deviations from the baseline analysis in the bottom layer where, as was seen in
the previous examples, the boundary condition is not correctly predicted, the internal distribution within the
2556 T.O. Williams / International Journal of Solids and Structures 45 (2008) 2534–2560lamina deviates from the baseline, the stress component is not continuous at the interface (having an error of
about 10% as compared to the baseline results).
The distribution for the normal transverse stress r33 is given in Fig. 18. In general the results obtained from
the diﬀerent analyses are in good agreement. Minor diﬀerences in the predictions for the current theory’s
G0L7 analysis at the top of the laminate can be observed. These diﬀerences are due to the fact that the eigen-
values associated with the coeﬃcient matrix for the unknowns become widely separated which introduces
error in the numerical inversion of the matrix. These diﬀerences are eliminated when a G0L5 analysis based
on the current framework is employed.5. Conclusions
A comprehensive, theoretical framework for a general, multiscale plate theory has been presented. The
resulting multiscale theory represents a new type of plate theory. The theory is based on the use of a general,
two-scale displacement ﬁeld that is composed of a superposition of global and local displacement ﬁeld eﬀects
where the local displacement eﬀects are the ﬂuctuating displacements. The governing equations for the theory
are developed using the fully nonlinear governing equations of continuum mechanics subject to the orthogo-
nality constraints. The theory models delamination through the use of cohesive zone models. Any set of CZMs
can be incorporated into the theory without the need to reformulate the governing equations. The theory is
suﬃciently general that any set of constitutive relations describing material history-dependence can be incor-
porated into it without the need to reformulate the theory.
There are several implications of the use of the multiscale displacement ﬁeld. First, the full multiscale theory
introduces multiscale couplings in all of the governing equations and, hence, in the ﬁelds. Second, the global
and local expansion eﬀects can be tailored to achieve a high level of accuracy while simultaneously maintain-
ing computational eﬃciency. Third, the theory can be simpliﬁed to various types of single scale theories that
are equivalent to either ‘‘smeared” or ‘‘equivalent single layer” theories or to ‘‘discrete layer” theories without
changing any aspect of the theoretical framework. The use of CZMs to model delamination allows the theoryFig. 13. The distribution through the thickness of r11 as a function of S for a perfectly bonded 30/90/40/20/60 plate.
Fig. 14. The distribution through the thickness of r22 as a function of S for a perfectly bonded 30/90/40/20/60 plate.
Fig. 15. The distribution through the thickness of r12 as a function of S for a perfectly bonded 30/90/40/20/60 plate.
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Fig. 16. The distribution through the thickness of r13 as a function of S for a perfectly bonded 30/90/40/20/60 plate.
Fig. 17. The distribution through the thickness of r23 as a function of S for a perfectly bonded 30/90/40/20/60 plate.
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Fig. 18. The distribution through the thickness of r33 as a function of S for a perfectly bonded 30/90/40/20/60 plate.
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crack size or location or subsequent assumptions about cracking direction.
Comparison of the theory’s predictions for the behavior of (de)laminated structures shows that the pro-
posed theory is capable of providing highly accurate predictions for the displacement and stress ﬁelds in both
perfectly bonded and delaminated plates in a computationally eﬃcient manner. Furthermore, it was shown
that any desired level of accuracy for the ﬁelds could be achieved by simply increasing the order of the global
or local ﬁelds. Additionally, it was shown that the predictions obtained from the variationally based theory
became more accurate as the aspect ratio increased. The ability of the current theory to accurately predict
the continuous distribution through the thickness of the plate of the transverse stresses directly from the con-
stitutive relations has signiﬁcant implications for the ability of the theory to accurately model both delamina-
tion initiation and growth as well as other types of history-dependence phenomena.
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